A simple dynamical density functional theory is used to investigate freezing of an undercooled liquid in the presence of a crystalline substrate. We find that the adsorption of the crystalline phase on the substrate, the contact angle, and the height of the nucleation barrier are nonmonotonic functions of the lattice constant of the substrate. We show that the free-growth-limited model of particle-induced freezing by Greer et al. [Acta Mater. 48, 2823 (2000 ] is valid for larger nanoparticles and a small anisotropy of the interface free energy. Faceting due to the small size of the foreign particle or a high anisotropy decouples free growth from the critical size of homogeneous nuclei. DOI: 10.1103/PhysRevLett.108.025502 PACS numbers: 81.10.Aj, 64.60.QÀ, 64.70.dg, 68.35.Rh Nucleation is the early stage of first-order phase transitions, in which fluctuations drive the system towards the new phase. The height of the nucleation barrier is usually reduced by heterogeneities (walls, floating particles, templates, etc.), a phenomenon termed heterogeneous nucleation [1] . The efficiency of the heterogeneities in instigating freezing is influenced by a range of microscopic properties, such as crystal structure, lattice mismatch, surface roughness, adsorption, etc., which are often condensed into the contact angle used in the classical theory [1] and coarsegrained continuum models [2] . Studies relating such microscopic and macroscopic properties are rare. Recent experiments on colloids explored the effect of configurable seed structures realized by optical tweezers on nucleation, and indicate that the defect structure generated by the seed governs the morphology of the growing crystals [3] . The simulation methods used in addressing the interaction of heterogeneities with the crystallizing liquid include ab initio molecular dynamics (AIMD), molecular dynamics (MD), Monte Carlo (MC), and dynamical density functional techniques (DDFT). A DDFT study mapped out the effect of seed structures on crystallization in 2D [4] . MD and MC simulations explored the interaction between a foreign wall and a crystallizing fluid [5] [6] [7] [8] [9] [10] . The unstructured wall is nearly wet by the (111) face of the hard-sphere crystal, and the results can only be interpreted if line tension is also taken into account [5], a result recovered within the lattice gas model [7] . Freezing on walls patterned on the atomic scale has been investigated for triangular and square lattices, zigzag stripe, and rhombic surface patterns [6] . The presence of a wall is shown to lead to ordering in the adjacent liquid layers [8] that influences the adsorption of crystalline molecule layers at the surface of the substrate. Owing to reduced stress, nanoscale pits in an amorphous wall proved to be a more efficient nucleation site than pits in a crystalline wall [9] . Recent MD and AIMD work for the AlTiB system indicates the formation of crystalline layers on appropriate surfaces of the Al 3 Ti and TiB 2 substrates [10, 11] . These phenomena, especially the effect of lattice mismatch, are crucial from the viewpoint of the highly successful free-growth-limited model of particle-induced freezing by Greer and co-workers [1, 12] , a model in which cylindrical particles, whose circular faces (of radius R) are ideally wet by the crystal, remain dormant during cooling until the radius of the homogeneous nuclei becomes smaller than R, and free growth sets in. The microscopic studies are limited in time and space. Part of these limitations can be overcome by a simple DDFT, termed the phase-field crystal (PFC) model [13] , which works on the diffusive time scale and can handle systems containing as many as 2:4 Â 10 7 atoms [14] . The model has been supplemented with suitable potential energy terms [14, 15] or boundary conditions [16] to represent foreign walls.
Nucleation is the early stage of first-order phase transitions, in which fluctuations drive the system towards the new phase. The height of the nucleation barrier is usually reduced by heterogeneities (walls, floating particles, templates, etc.), a phenomenon termed heterogeneous nucleation [1] . The efficiency of the heterogeneities in instigating freezing is influenced by a range of microscopic properties, such as crystal structure, lattice mismatch, surface roughness, adsorption, etc., which are often condensed into the contact angle used in the classical theory [1] and coarsegrained continuum models [2] . Studies relating such microscopic and macroscopic properties are rare. Recent experiments on colloids explored the effect of configurable seed structures realized by optical tweezers on nucleation, and indicate that the defect structure generated by the seed governs the morphology of the growing crystals [3] . The simulation methods used in addressing the interaction of heterogeneities with the crystallizing liquid include ab initio molecular dynamics (AIMD), molecular dynamics (MD), Monte Carlo (MC), and dynamical density functional techniques (DDFT). A DDFT study mapped out the effect of seed structures on crystallization in 2D [4] . MD and MC simulations explored the interaction between a foreign wall and a crystallizing fluid [5] [6] [7] [8] [9] [10] . The unstructured wall is nearly wet by the (111) face of the hard-sphere crystal, and the results can only be interpreted if line tension is also taken into account [5] , a result recovered within the lattice gas model [7] . Freezing on walls patterned on the atomic scale has been investigated for triangular and square lattices, zigzag stripe, and rhombic surface patterns [6] . The presence of a wall is shown to lead to ordering in the adjacent liquid layers [8] that influences the adsorption of crystalline molecule layers at the surface of the substrate. Owing to reduced stress, nanoscale pits in an amorphous wall proved to be a more efficient nucleation site than pits in a crystalline wall [9] . Recent MD and AIMD work for the AlTiB system indicates the formation of crystalline layers on appropriate surfaces of the Al 3 Ti and TiB 2 substrates [10, 11] . These phenomena, especially the effect of lattice mismatch, are crucial from the viewpoint of the highly successful free-growth-limited model of particle-induced freezing by Greer and co-workers [1, 12] , a model in which cylindrical particles, whose circular faces (of radius R) are ideally wet by the crystal, remain dormant during cooling until the radius of the homogeneous nuclei becomes smaller than R, and free growth sets in. The microscopic studies are limited in time and space. Part of these limitations can be overcome by a simple DDFT, termed the phase-field crystal (PFC) model [13] , which works on the diffusive time scale and can handle systems containing as many as 2:4 Â 10 7 atoms [14] . The model has been supplemented with suitable potential energy terms [14, 15] or boundary conditions [16] to represent foreign walls.
Herein, we present a systematic atomic scale study relying on the PFC model, which explores the role lattice mismatch plays in heterogeneity-induced freezing of undercooled liquids.
The free energy of the heterogeneous system reads as
is the scaled density difference relative to the reference liquid of particle density ref L , and the parameter > 0 is the reduced temperature related to the bulk moduli of the liquid and the crystalline phases. Here VðrÞ ¼ ½V s;0 À V s;1 Sða s ; rÞfðrÞ, where V s;0 tunes adsorption of crystal layers, V s;1 is the amplitude of the periodic part of the potential, the single-mode function Sða s ; rÞ [14] sets the structure, and a s is the lattice constant of the substrate. The size and shape of the substrate are defined by the envelope function fðrÞ 2 ½0; 1.
In the PFC model, heterogeneous nucleation (much like homogeneous nucleation [17] ) can be addressed following two routes: (i) via simulations based on the equation of motion (EOM) or (ii) by finding the relevant equilibria via solving the Euler-Lagrange equation (ELE). Here we use
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F c denotes the functional derivative of F with respect to c , and is the dimensionless time. The right-hand side of the ELE is taken at the far-field value c 0 (homogeneous liquid). In the EOM, the fluctuations are represented by a colored Gaussian noise of correlator hðr; Þðr 0 ; 0 Þi ¼ Àr 2 gðjr À r 0 j; Þð À 0 Þ, where is the noise strength and gðjr À r 0 j; Þ a high frequency cutoff function [18] for wavelengths shorter than the interatomic spacing ( ¼ ffiffiffi 6 p ). Because of the overdamped conservative dynamics the EOM realizes, the PFC model so defined is suitable for describing crystalline colloidal aggregation [19, 20] . These equations have been solved numerically [21] on rectangular grids in 2D and 3D, assuming periodic boundary condition.
The PFC model has stability domains for the homogeneous liquid and triangular crystal in 2D [13] , and for the liquid and bcc, hcp, and fcc phases in 3D [14, 22] . We work in the liquid-triangular and liquid-bcc coexistence regimes; i.e., the fcc and hcp phases are metastable (MS). The anisotropy of the solid-liquid interface free energy increases with [15, 20] : at ¼ 0:25 has a small anisotropy as for metals, while for ¼ 0:5 faceted crystal-liquid interfaces form, as in some 2D colloids [23] .
First, we study heterogeneous nuclei forming in 2D on a flat square-lattice wall of varied lattice constant using the ELE method described in Ref. [14] (the free-energy surface has many local minima allowing the ELE to map out the nucleation barrier). The two dominant relative orientations observed in dynamic (EOM) simulations are considered [15] : ð01 " 1Þ or ð11 " 2Þ parallel with the wall. In the case of weak anisotropy ( ¼ 0:25), the contact angle is defined as the angle between the linear and circular parts of the closed contour line corresponding to ðc L þ c S Þ=2 in the coarse-grained (finite impulse response filtered [24] ) particle density [see Figs. 1(a) and 1(b) ]. (Subscripts S and L stand for solid and liquid.) We observe a nonmonotonic relationship between the contact angle and a s [ Fig. 1(c) ]. In the case of faceted interfaces ( ¼ 0:5), the contact angle is 60 for the orientation ð01 " 1Þ parallel to the wall [ Fig. 1(d) ], whereas it is 90 for ð11 " 2Þ parallel to the wall [ Fig. 1(e) ], independently of the monolayer sometimes forming on the wall. As in Ref. [14] , the work of formation fits well to the classical WðlÞ ¼ Al 2 þ Bl relationship, where l is the linear size of the nucleus. Accordingly, the barrier height (W Ã ) has been defined as the maximum of the fitted formula. W Ã data obtained so for the two orientations are shown for 1=2 < a s = 2 in Fig. 1(f) Fig. 2(a) ], which evolve to circular caps inside the coexistence region [ Fig. 2(b) ]. When the diameter of the homogeneous nucleus becomes smaller than L s , free growth commences [ Fig. 2(c) ]. This observation is in excellent agreement with the free-growth-limited model [12] . For the smaller L s , however, a faceted crystal shape is observed, and the freegrowth limit is reached at a monatomic critical size that is much smaller than
Here, free growth takes place when the critical size is much smaller than L s ¼ 32. These findings indicate that the free-growth-limited mechanism is valid as long as the foreign particles are sufficiently large, and the free energy of the solid-liquid interface has only a weak anisotropy. We study the effect of lattice mismatch on crystal adsorption in 2D at ¼ 0:25 and c 0 ¼ À0:340 45. The lattice constant of the substrate is varied between =2 and 2, so that it stays commensurable with L s ¼ 32. The results are summarized in Fig. 3 . As for the flat wall, the amount of crystal adsorbed on the particle is a nonmonotonic function of a s . At a s ¼ nearly semicircular adsorbates appear on the faces of the particle [ Fig. 3(c)] , while for slightly different a s values much thinner crystal layers are observed on both sides [ Fig. 3(g) ]. Further away from a s ¼ , the adsorbed layer thickens; yet for a s % 2 crystal adsorption is forbidden.
We extend the study of the free-growth-limited model to 3D, using a cube shaped foreign particle of simple cubic (sc) structure and a s coinciding with the lattice constant of the bcc structure, known to yield bcc freezing [25] . The results are in a qualitative agreement with the free-growthlimited model [1] (Fig. 4) .
Behavior consistent with previous EOM work [17, 25] is observed on a fcc substrate with a rectangular pit (Fig. 5 ): For matching a s , one finds fcc and bcc epitaxy interfered by edge-induced frustration. At high mismatch, amorphous-phase-mediated bcc freezing occurs, adding to the complexity observed in MD studies [9] .
In summary, we used the phase-field crystal model to study heterogeneity-induced crystalline freezing in 2D and 3D. Our results extend previous knowledge in the following directions: (i) The mismatch between the substrate and the crystal influences nonmonotonically the contact angle, the adsorption of the crystalline phase, and heterogeneous nucleation; (ii) within atomistic theory, we have confirmed the validity of the free-growth-limited model of particle-induced freezing by Greer et al. [12] for larger nanoparticles (L s ! 32) and small anisotropy of the solid-liquid interface free energy. However, for small nanoparticles (L s $ 4) or high anisotropies, the critical supersaturation substantially deviates from the one expected from analytic theory [12] . Note that these results are independent of the dynamics assumed.
This work is expected to instigate further experiments on colloid systems and demonstrates the flexibility of the PFC approach in modeling nanoscale self-assembly.
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